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1. (20%) Let X be a random variable that is neither discrete nor continuous.

(a) Describe how EX is de�ned.

(b) Compute EX for

X(w) =
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de�ned on the coin tossing sample space (
;F ; P ); where 
 = (0; 1].

2. (30%) The conditional expectation of Y given X; where Y maps (
;F) into (Y;B) and

X maps (
;F) into (X ;A); is a function E(Y jX)(x); which maps (X ;A) into (Y;B);

that satis�es the equation

Z
F
Y (!) dP (!) =

Z
F
E(Y jX) [X(!)] dP (!)

for every F of the form F = X�1(A) with A 2 A.

(a) Give the computational formula for E(Y jX)(x) in these three cases:

i. X(!) =
PN

i=0 xiIFi
(!); where P (F0) = 0 and P (Fi) > 0 for i = 1; : : : ; N .

ii. X and Y are continuous random variables with density fX;Y (x; y).

iii. X and Y are discrete random variables with density fX;Y (xi; yj).

(b) Compute E(Y jX)(x) in the case that X and Y are continuous random variables

with density

fX;Y (x; y) = (x + y) I(0;1]�(0;1](x; y):
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3. (20%) Let (
;F ; P ) be the coin tossing probability space; i.e., 
 = (0; 1]; F is the

smallest �-algebra that contains all �nite unions of sets of the form (a; b]; and P (a; b] =

b� a. Consider the random variable

X(!) = e2!;

which maps (
;F ; P ) into a new probability space (X ;A; PX) .

(a) What is X in this new probability space?

(b) What is A in this new probability space?

(c) If (c; d] � X ; what is the value of PX(c; d]?

(d) What is the density fX(x) of the random variable X?

(e) What is the value of EX?

4. (20%) A pair of dice are thrown and the value ! = (n1; n2) is observed where n1 is the

number of spots showing on the �rst die and n2 is the number of spots showing on the

second.

(a) What is the joint probability density function fX;Y (x; y) of the random variables

X(!) = (n1 + n2)=2; Y (!) = n2=2?

(b) What is the value of EX?

5. (10%) Show that the intersection of two �-algebras is a �-algebra.
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